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0. ~NTRODUCTI~X 
Throughout this paper G is a nondiscrete compact abelian group with dual 
group r and M(G) is the convolution algebra of finite Bore1 measures on G. 
For p E Ad(G) the Fourier-Stieltjes transform /? is defined by 
Let p E M(G) and let H be a closed subgroup of G. Then pH , the part of 
p carried by the cosets of H, is the measure defined on the Bore1 sets E of G 
by 
Pff(E) = c P(E f-l K) 
where H, runs through the family of all cosets of H. For any closed subgroup 
W of G let H’ denote the annihilator of H in IY For p E M(G), p is said to 
be strongly continuous if /*H = 0 for all HE 2’. Here 2’ is the family of all closed 
subgroups of G with infinite index in G. 
In [S], Ramsey and Wells have proved the following theorem: Suppose 
p E M(G) is strongly continuous and satisfies the condition 
Then provided E > 0 is small enough as a function of /, ,U /!, card (7 E l? 
; a(y)! 2 I j is finite. 
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In section 1 we prove this generalization of the Ramsey-Wells result: Let 
F be a finite subset of r and suppose p E M(G) satisfies the condition: 
Suppose, moreover, that {r E E ~ F(r)’ ,: 1; is infinite. Then provided E 
is small enough as a function of Ii p 11 there is a closed subgroup HE &’ such that 
forsomey,, i ~= I,2 ,..., n 
In [3], de Leeuw and Katznelson prove the following quantitative generali- 
zation of Helson’s characterization of the idempotents of M(T): 
For any C > 0 there is a 6 == 6(C) >. 0 satisfying the following: Suppose 
p E M(T) has /I TV 11 a C and 
Then 
li;,“tp 1 a(n) - F”(*)l < *. 
where pr is idempotent with fil periodic and 
lim sup ( &(n)l 
Ini- 
< 2 lic,z;p I k(n) - P”(n)l. 
In Section 2 we prove a quantitative generalization of the Cohen idempotent 
theorem [2]. Our theorem gives as a special case the result of de Lecuw and 
Katznelson. The idea for our proof is due essentially to Cohen [2] and Ito 
and Amemiya [6]. 
1. TRANSFORMS WITH A GAP IN THEIR RANGE 
In this section we investigate Fourier-Stieljes transforms with an almost iso- 
lated value. The method of proof of the following theorem is an adaptation of 
the work of Glicksberg [4] and Ramsey and Wells [8]. The influence of [I, 2, 61 
should also be apparent to the reader. 
THEOREM 1. For any C ‘2 0 thereexistsc -- c(C) > Osatisfying thefollowing: 
Let p E M(G) with I/ /A 1 < C and let F he a jinite subset of I’. Suppose 
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and lr E r: I /%+I > 11 is infinite. Then there is an HE 2 such that: 
(9 (YE r: I &h4 3 1) u Cy E r: I ~H(~)l < 4 = r; 
(ii) (y E r: I &dr>l > 11 = UL yi + HAfor some yi , i - 1, 2 ,..., n. 
Proof. Choose Y EZ+ such that rif2/4 > C. Put 0 < E < e-r. Let 
ah) = {Y: i P(r)1 3 1). 
Define 
qcL1 = cr: I F(r)l G 4. 
Let p satisfy the hypothesis of the present theorem. It is easy to check that 
for any NE S 
Thus we need only confirm (ii). 
We proceed as in [4], repeating some arguments for the convenience of the 
reader. Choose some weak-* cluster point v  of aT> p =: {j+: y  ~9@)} of 
minimal norm. Observe v  # 0 since I[ Y 11 > 1. 
Let Y0 := e) + Y. Let Y be the weak-* closure of Y,, in M(G). As in [4] 
the weak-* topology and the norm topology coincide on Y. Thus I’ is covered 
by a finite number of sets 
W, = {w E M(G): I/ w - av /) < 1 - ej 
with n Ed. Thus 
Y = 6 w,,, a, E g(v). (1.1) 
k=l 
We shall use (I .I) to establish that 9’( v  is a finite union of cosets of some sub- ) 
group of r. 
We write a N b if and only if g’(v) - a = 9(v) - 6. Clearly this defines an 
equivalence relation on r. Notice that if /I &V - bv /j < 1 - E, then y  + a E a’(~) 
if and only if y  $- b E g(v). By (1. l), S?(V) is th e union of a finite number of equiv- 
alence classes. Let F be an equivalence class contained in B’(V) with a EF. 
Then, 0 E F - a. As in [4] we verify F - a is a group. Observe that 
The latter condition is independent of F. It follows that every equivalence class 
F contained in S@(V) is a coset of the same subgroup HL. 
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Let (yu) be a set such that 
(4 bd C &4 
(b) Top + v  weak-* in M(G). 
We shall prove the following lemma. 
LEMMA I. The set (7J satisjying (a) and (b) is eventually trapped in finitely 
many cosets of HI. 
Proof of Lemma 1. This is a variant on the argument of [S]. We suppose 
Yo eventually leaves any finite union of cosets of HJ- and force a contradiction. 
By a theorem of Cohen and Davenport [5, Chap. l] it suffices to select a set 
such that: I f  P, = {ms) and 
for 1 < h < 9, then for each iz 
pjL-l + mk.p - mkt c ‘%d for 1 f  s < t <r. 
Selection of such a set forces the contradiction that (1 p // 3 r1j2/4. 
Choose m, E 99(p) arbitrarily. Let 1 < k < r2 and suppose PI,_1 has been 
chosen. We now choose (m,J so that 
mks E bo)\(pk-l - a(v)) for l<s<r; (1.2) 
(Pk-l + mks - mkt) C Q) for 1 < s < t < r. (1.3) 
Clearly, Pkez - B(V) is a finite union of cosets of H-L and so (yp) eventually 
leaves it. We choose mkl. arbitrarily satisfying (1.2). Let 1 < j < Y and suppose 
the selection of {mki : j < i < r} consistent with (1.2) and (1.3) has been 
completed. We choose mkj satisfying (1.2) and such that 
where 
Let 
6 = in% P(r)1 - 6: Y $ yb)l. 
y = p --I- mkj - mkr , 
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where p E PA-, and j < i -< Y. Then 
So y  E Y(p) and the choice of qj is consistent with (I 3). Thus we may success- 
fully carry out the choice of (m,,}. 
We return to the proof of Theorem I. Lemma 1 provides us with a net 
(weak-* in M(G)) 
with y,, E&(P) n (yO + HI). Passing to a subset (if necessary) we will assume 
y0 -+ yp converges pointwise on G to a character x E H’- where gL is the Bohr 
compactification of HL. So, x is a character on (G/H), , i.e., G/H with the dis- 
crete topology. 
We now define the measure yOxpH as follows: 
for all,fc C(G). It is clear that yoxpH E M(G). In fact, we also have 
since 
(weak-* in M(G)), 
while 
Write p = t+, + CL’ and assume ypp’ - v’ weak-e. We want to see that 
v’ = 0. We need the following lemma which may be found in [4]. 
LEMMA 2. Let G be a compact abelian group, and H a closed subgroup of G. 
Then for any Y E M(G) which vanishes on all cosets mod H there is a net 6, E H1 
with j3,v --z 0 zueak-* in M(G). 
By the Helson Translation Lemma v’ < ! 1~’ I. Via Lemma 2 there is a net 
/?, in U-L for which & Y’ ---f 0 weak-*. Let h be a weak-* cluster point of ppv; 
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X is also a weak- r: cluster point of /?0y3/oxpH . Since /3, E g’(v) we have that h is 
a weak-c cluster point of G) p. Hence: 
Thus it is permissible to conclude that v’ =I: 0. 
Finally, we select a net t/3,} in H’- with /3, --+ 2 in @‘-. We gather that 
it? = h”xhI -* YOPH (weak-* in M(G)). 
Inasmuch as 
we have for some yj , j -- I, 2 ,..., n 
This proves the theorem. 
As a corollary to Theorem 1, we obtain the result of Ramsey and Wells [8]. 
COROLLARY. Suppose pH == 0 for all HE 2. Suppose there exists a finite 
subset F qf r such that 
r\F C %4 ” Y(P)- 
Then provided E is small enough (as a function of I[ p ]I), g(p) is jinite. 
2. ALMOST IDEMPOTENT MEASURES 
In this section we prove the main result of our paper; a quantitative generali- 
zation of the P. Cohen idempotent theorem. As a special case, we obtain the 
result of de Leeuw and Katznelson [3]. The idea for our proof is due for the 
most part to P. Cohen [2] and Ito-Amemiya [6]. In particular the Riesz product 
argument of [3] is replaced by the construction of Cohen and Davenport [l]. 
An integer-valued Fourier-Stieltjes transform fZ is the transform of a canonical 
measure if 
p = i %yimH 
i=l 
for ni E Z, yi E r and mH the Haar measure on the closed subgroup H of G. 
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‘I’FIEORERI 2. BOY any C > 0 and E > 0 there corresponds a 6(C, c) .% 0 suti.s- 
fying the,follozuing: Suppose p E M(G) has \I p ii < C and 
071 r!Ezche~eF is a$nite subset of r. Then TV is the sum of a,finite numbs of canonirol 
measmw and a measuw pc such that 
and let 
Let E 0 and C :*- 0 be given. Suppose p E M(G) satisfies the hypothesis 
of the present theorem with 6 to be specified later. Fix ME N (the natural 
numbers) with d1 ::-- C. 
Choose y0 E N (yg ;> 3) such that yii2/4 > c‘. Pick Y E N with I’ 4r,, . Let 
t,, ’ :. P- r and 0 __ E 0 -< a. Next select E~ ;- 0 such that Q c: E and 
.II - c 2 Q(2” -- I). (2. I) 
As a consequence of (2.1) we have: 
.Y :;‘ Q(2” - I) for all K E N with .V 2’; Al. 
Put 0 <. Q .: >Iin(2-“” *Q ~ Q). Then 0 < 8 -: ~~‘(2,” - I) Asties the 
requirement of OUT theorem. 
To contirm the last assertion we may as well suppose that 1;(~, 6) is infinite. 
Let v  be a weak-r accumulation point of Q, 6) IL. C‘learly c is within 6 of 
I or 0. __- 
Let 1. bc the weak-* closure of T(u, 6) V. Since the norm and weak-v. topologies 
coincide on I-, IT is covered bv a finite number of sets of the form 
with a E r‘(~, 6). Since Y is norm compact we gather that 
(2.2) 
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We define a relation on r as follows: 
Suppose a -- b and B N c. We obtain via (2.3) that 
"(CTV - ht)^ ]I,,, < 25) . (2.4) 
Kecall that E,, *< i/4. Thus (2.4) becomes: 
Inasmuch as i is within 8 of 0 or 1, and 6 < E,, , we gather from (2.5) that a - c. 
Thus a ,- h defines an equivalence relation on r. 
Notice that if li(~ - 6~)” Ijrn < Q, then a E F((Y, 6) =- 6 E F(v, 6). In light 
of (2.2), T(v, 6) is a union of a finite number of equivalence classes. Let F be 
an equivalence class contained in r(v, 6). Let a EF. To see that F -- a is a 
group it suffices to prove that b, c EF - a c> 0 - c EF -- a. That is, if 
Q{(O + u) v  - (r -! u) v)^ li7; < c0 we must prove that Q{(b - ? !- a) II - 
CYV)^ jjor ’ . . c,, . But this is obvious. 
Thus we see that each equivalence class, F, contained in T(v, S) is a coset. 
We wish to see that all these cosets are the cosets of the same subgroup. Now 
b EF - n, with n EF -’ :- n + b - a -- :!{(a -$ 6) v  - ZV~” ‘/? ,‘C E(, Therefore, 
shows that ~EF-awitha~F ;*/J -0. Since this condition is independent 
of F, ever>- F contained in r(v, 8) is a coset of the same subgroup IfoL. 
Repeating the proof of Theorem I we map suppose v  := ynprr, . We also have 
that for some y, . I’ 1, 2,..., YL 
The transform of the canonical measure C l/im,O = &, approximates &[,, 
within S on r. Notice also that 
I p - pFl,, ,t z 1 p /, - 1’ pHo 1, ;< /( p !, .- 1 i- 6. 
As a conscquencc of ! ,A - pH, /! -*< li ,U I/ we repeat argument 
Put 
LCL z P - F/I,) 
Then ,,& is within 26 of [ ~- I) 0, I], except perhaps on a finite set. Suppose’ 
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r(,p, 26) is infinite. Let 1~ be a minimal norm weak-* accumulation point of 
&CL, 26) + Notice that ,f  is within 26 of {- 1, 0, I >. Notice also that 26 :< l t, . 
We next define a relation on r by: 
The relation is an equivalence relation since 26 < E,, . Arguing as before, we 
obtain that Qv, 26) consists of a finite number of equivalence classes, and each 
equivalence class is a coset of the same subgroup H,‘-. But if 
and 
a E C,(,Y, 26) 
then 
Thus we see that a E C,(,V, 2s) and b E rl(l~, 26) =- a and b are not equivalent. 
Thus 
C,(,v, 26) = lj yi’ + f&I; r&v, 2s) :-= ij pi -1 H,A. (2.6) 
i=l i-l 
Again, we may show as in the proof of Theorem 1 that since I: I~ < !; p 1’ 
we obtain: 
1v = PohfJ. 
As a consequence of (2.6) we approximate rpH1 within 26 by a canonical trans- 
form %, 
Put # 1P - 1PH, . Then & is within 46 of C-2, -1, 0, I, 2). Since 
~ I/” - Ipul ij < /I I~ ij - I --(- 26 < 1~ p 1; - 2 $- 6 -!- 26 
we may repeat our argument on the measure zp . 
By (2.1) this finite descent argument ends in at most N < M steps since 
6 < El. Let En , fr ,..., EN-r be the list of generated canonical measures, Put 
Then 
/ /I&(y)! < 6 + 26 i- .‘. + I”-‘S 
except perhaps for y  E I‘\F. Thus i g,(y)/ < S{2M - 11. Our proof is complete. 
For some related work the reader is referred to [7]. 
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